The effect of doping concentrations and a transverse external magnetostatic field on operational characteristics of parametric amplification of backward Stokes signal has been studied, using hydrodynamic model of semiconductors, in the far infrared regime. The model suggests three achievable resonance conditions: 1) lattice frequency and plasma frequency 2) stokes frequency and electron-cyclotron frequency 3) stokes frequency and hybrid (plasma and electron-cyclotron) frequency and these conditions have been utilised, on one hand, to substantially reduce the value of threshold intensity for onset of the parametric amplification and on the other hand, for switching of parametric large positive and negative gain coefficient (i.e. amplification and absorption). For example a strong transverse magnetostatic field 10.0 T with free carrier concentration 1.5 × 10 19 m -3 enhances the gain by a factor of 10 3 as in its absence. Results also suggest that a weakly piezoelectric III-V semiconductor duly illuminated by slightly off-resonant not-too-high-power pulsed lasers with pulse duration sufficiently larger than the acoustic phonon lifetime is one of promising hosts for parametric amplifier/frequency converter.
Introduction
The area of parametric interactions and their devices such as optical parametric amplifiers and oscillators (OPA/ OPO) occupies a special place in nonlinear optics due to their potential applications. Optical parametric amplifiers and oscillators are being extensively used in fabrication of tunable coherent radiation source with considerably high gain and high conversion efficiency [1] . Parametric interactions are also employed successfully to study the photon amplifiers [2, 3] and to generate high peak power subpicosecond optical pulse [4] . The choice of a nonlinear medium and operating wavelength are crucial aspects in design and fabrication of parametric amplifiers and oscillators. Amongst different types of nonlinear media, semiconductors offer considerable flexibility for fabrication of optoelectronic devices because: 1) the large number of free electrons/holes available as majority charge carriers in doped semiconductors manifests many more exciting nonlinear optical processes [5] ; 2) carrier relaxation times can be altered through design of materials and device structures; 3) large optical nonlinearities in the vicinity of band gap resonant transitions [6, 7] ; 4) either change in absorption or refractive index can be utilized; 5) devices may operate either at normal incidence or in waveguides; 6) devices are integrable with other optoelectronic components, 7) substantially transparent for photon energies less than the band gap energies [8] . Here it is worth mentioning that resonant and non-resonant optical nonlinearity of semiconductors have been utilised for fabrication of nonlinear optical devices. The resonant nonlinearities are large in magnitude [9] , while, the magnitude of non-resonant optical nonlinearity (SNON) is small but its response time is fast due to virtual transition mechanisms. In order to design and develop efficient parametric amplifiers/oscillators, different types of nonlinear materials have been used [10, 11] . However, recent trend reveals that still there is a great need to explore alternatives, particularly those compatible with semiconductor technology, due to the rapid growth of planar devices such as wavelength division multiplexers and add-drop filters in advanced networks. A hybridly integrated semiconductor optical amplifier Mach-Zehnder interferometer (MZI) was demonstrated using bidirectional data injection and an additional external continuous wave signal for differentially biasing the interferometer arms, optimizing gain and phase conditions during the switching functionality [12] . A long period linear grating is imprinted on semiconductor waveguide and using second-order susceptibility its frequency converters of high frequency is experimentally demonstrated [13] .
It is well known that the manipulation of threshold condition and gain are important issues to improve the efficiency and functionality of parametric devices (e.g. amplifiers, oscillators and frequency converters). In case of semiconductors, doping (free carriers), composition and micro-structuring have been mostly exploited for improving the performance of optoelectronic devices [14, 15] . Besides, optical nonlinearities of semiconductors can be easily modified by externally applied electric and magnetic fields and hence external field dependent property has been exploited to understand the mechanisms involved in nonlinear processes such as electro-optic and magneto-optic effects and fabrication of devises based on it [16, 17] . Makowska et. al. [18] pointed out that optical second harmonic generation (SHG) can be induced in both single and polycrystalline InAs by acoustic wave and found that efficiency of SHG depends on acoustic power. However, in case of layered periodic structure of III-V semiconductor-plasma, a significant increase in efficiency of nonlinear interaction is obtained near the nonlinear resonances [19] . Voigt geometrical configuration has been used to enhance the terahertz emission and the photo-refraction in III-V semiconductors [16, 17] . Of-late authors have made systematic attempt to explore the influence of free carrier concentration, externally applied magnetostatic field and excitation intensity on second order susceptibility of weakly piezoelectric n-type III-V semiconductors [20] . In the present article, the model [20] has been further extended to study operational characteristic of parametric amplification and explore the possibility of switching of optical nonlinearity by applied magnetostatic field. Using the coupled-mode theory, expression for operational characteristic parameters of parametric amplifiers (i.e. threshold condition, parametric gain) has been derived. Finally, exhaustive numerical analysis is performed with a set of data appropriate for weakly piezoelectric semiconductor-plasma (n-InSb) duly irradiated by a 10.6 µm CO 2 laser to establish the application of the present model. The results indicate that the threshold condition and parametric gain can be manipulated by varying doping concentration, magnetostatic field and excitation intensity.
Theoretical Formulations
In the present section, expression of threshold condition for the onset of backward coherent scattered stokes wave and its gain coefficient are obtained, in weakly piezoelectric doped III-V semiconductors, under off-resonant transition regime in the absence and the presence of external applied magnetostatic field.
In doing so we assume the pump wave (laser) energy ( p   ) < band gap energy ( g   ) of semiconductor. The pulse duration of laser is much larger than the material damping time such that the interaction is treated to be of a steady-state type. Further we consider that there are many photons in the pump wave and it can be described by plane wave. The scheme of three-wave mixing (pump wave, backward scattered stokes wave and acoustic signal wave) mechanism within matter in the presence of an external magnetostatic field is shown in Figure 1 . We assume the pump electric field
is polarised along z-axis and incident on (110 ) surface of the crystal. Let us assume the electric field of pump radiation produces longitudinal acoustic wave (i.e. idler
 and in turn it scatters the pump wave. We further assume that the backward scattered stokes wave, say
is also polarised along z-axis. In order to study parametric amplification in Voigt geometry an external transverse magnetostatic field (B 0 ) is applied parallel to z-axis. The momentum and energy transfer between these waves can be described by phase matching conditions:
where the frequencies {ω p , ω s , ω a } and wave vectors {k p , k s , k a } correspond to the incident laser, the backward scattered Stokes wave and the acoustic wave, respectively. We also consider hydrodynamic model of the homogeneous one component (viz., n-type) semiconductor, satisfying the condition 1 a k l  ( a k and l being the acoustic wave number and the electron mean free path, respectively). This condition implies that the sound wavelength is much greater than the mean free path of electrons, so that the motion of the carriers under the influence of the external field is averaged out. In addition, it allows neglecting the non-uniformity of the high frequency electric field under the dipole approximation [21] .
The zeroth-order electron momentum transfer equation under the influence of magnetostatic field can be de- scribed as
where 1 / e e m  . The first-order electron momentum transfer and continuity equation in the presence of external magnetostatic field are defined [20] by
where 0 v and 1 v are zeroth-and first-order oscillatory fluid velocities of the electron of effective mass m and charge -e. 0 n and 1 n are initial and perturbed electron density and  is the electron collision frequency. It is a well-known fact that the effective mass of an electron in III-V semiconductors is smaller than the effective mass of a hole and therefore the drift velocity of a hole is less than the drift velocity of an electron and hence the effect of hole on nonlinearity can be neglected. The pump wave produces stress in the medium and the linear relationship between stress and electric field is described by piezoelectricity. The origin of piezoelectricity lies in the first order force
, where β is piezoelectric coefficient). In particular, in narrow bandgap weakly piezoelectric III-V semiconductors such as InSb and InAs, the high mobility of electrons (due to their low effective mass) allows one to work at drift velocities several times the sound velocity and thus keep the effects of inhomogeneities to a minimum [22] . Let us consider, if the deviation of lattice along x-direction is u(x, t), due to stress in the medium, in the presence of an external magnetostatic field then the strain can be described as / u x   and the resultant polarisation (P in ) can be given as
Taking into account the effect of piezoelectricity, the modified equation of motion of lattice vibrations may be defined as
where  , C and a  being the mass density, material's elastic constant, acoustic phonon damping parameter and E 1 is being space charge electric field of the medium which can be obtained from Poisson's equation as
Now we are interested to derive expression for firstorder perturbed carrier-density of piezoelectric doped semiconductors due to three-wave mixing. Under rotating wave approximation and using Equations (1)-(6) a simplified expression for the density perturbation is obtained as 2 3 2  2  1  2  1  1  1 1  2  2   2  2  2  3  1 1  2 2 2 1 1
where
In obtaining Equation (7) . being the velocity of an acoustic wave) and higher order terms like
. Equation (7) states that density perturbation may oscillates at low (acoustic, ω a ) and high (stokes, ω s ) wave frequency components and that can be expressed as:
By solving coupled Equations (8) and (9) 
By knowledge of the first-order carrier density perturbation, second-order polarisation at backward Stoke's frequency can be obtained by time integral of induced current density
Using Equations (10) and (11), effective second-order optical complex susceptibility is obtained as
where Using algebra, expression for real and imaginary parts of (12a) and (12b) can be obtained. It is well known fact that real and imaginary part of optical susceptibility describes refraction and gain/absorption phenomena in the crystal, respectively. By knowledge of propagation of light in refractive medium various optical devices have been designed and fabricated such as optical wave guide, filters, amplifiers, oscillators, coupler etc [11, 17] .
The present article is focused to study behavior of the threshold condition for parametric amplification and gain coefficient (   s g  ) of backward coherent scattered stoke mode by varying free carrier density and externally applied magnetostatic field. In doing so, well known following expression [1] is used
Results and Discussion
In order to explore the applicability of the model, a detailed numerical study of threshold condition and gain behavior of parametric amplification has been made. Efforts are also made to find out conditions for achieving large gain with low power laser. In doing so, we consider the irradiation of n-type doped III-V micro size semiconductor sample (such as InSb) by 10.6 µm CO 2 at liquid nitrogen temperature (77 K). Around this temperature, absorption coefficient of the sample is low around 10 μm and one may neglect contribution due to bandto-band transition mechanism. It is worth pointing that at 77 K temperature, the dominant mechanism for transfer of momentum and energy of the electron in scattered mode is due to the acoustic phonon scattering in semiconductors [23, 24] . 
Threshold Condition
The threshold pump intensity (I pth ) required for the onset of parametric amplification is obtained by setting imaginary part of Equation (12) equals to zero. I pth , obtained , respectively. When B 0 > 0, I pth reduces considerably due to resonance conditions. Let us focus on the threshold condition for parametric amplification when piezoelectricity is solely responsible for parametric interaction. In this case, minimum threshold intensity can be achieved in two different range of externally applied magnetostatic field, i.e. 1) moderate and 2) strong magnetostatic fields. In former case, a minimum value of threshold intensity is found ~1.1 × 10 Here it is worth pointing out that in later case a small change in free carrier concentration does not affect shifting position of minima. This result is well in agreement with the result of Palik and Furdyna [25] .
In order to study the role of different physical mechanism leading to parametric interaction we have used Equation (12b) to obtain threshold condition for onset of parametric amplification due to coupling between the piezoelectric coefficient and pump electric field. The threshold pump intensity, determined from Equation (12b), versus external magnetostatic field for two different samples having free carrier concentration i.e. . This resonance condition also shifts the position of minima towards lower magnetostatic field with increase in free carrier concentration. However, the second and the third resonance conditions yield I pth ~ 1.1 × 10 3 Wm −2 and 1.9 × 10 6 Wm −2 , respectively. It is noticed that around the second and third resonance conditions the position of minima are nearly independent with the variation of doping concentrations. A comparison of the results obtained from Equation (12a) and (12b) reveal that the required minimum I pth for the onset of parametric amplification due to parametric coupling of piezoelectric coefficient and pump electric field is nearly 100 times higher than the value obtained due to solely piezoelectricity. In the forthcoming analysis to study the behavior of parametric gain we consider I p = 1.5 × 10 11 Wm −2 as a representative excitation intensity which is well above the threshold intensity but below the damage threshold of the sample [26] . 
Parametric Gain
The Equation (13) with (12) shows the dependence of parametric gain on controllable physical parameters namely free carrier concentration (through plasma frequency, Ω p ), external applied magnetostatic field (through cyclotron frequency, ω c ) and pump Intensity (I p ). (resonance between scattered stokes wave frequency and modified electron-cyclotron wave frequency). At the resonance condition, magnetostatic field dependent drift velocity becomes many times larger than the acoustic wave velocity and due to which interaction between plasmon and acoustic phonon becomes strong. The resonance condition allows one to select typical value of B 0 and n 0 at which maximum gain can be achieved. A small change in typical value of B 0 and n 0 leads to decrease in the value of positive gain coefficient and further change gives rise to maximum negative gain (i.e. maximum absorption).
By selecting appropriate value of B 0 (say 9.0 T) and n 0 (say 1. The salient feature of result is the switching of positive and negative gain between high value to low value by varying independently/simultaneously B 0 and n 0 and also achieving its large value in III-V weakly piezoelectric semiconductors. The result suggests the possibility of devise of parametric switches in far infrared region. ), low externally applied In addition to the B 0 and n 0 dependence, the parametric gain can also be enhanced by increasing the value of excitation intensity. Here it is worth mentioning that practically the excitation intensity can not be increased arbitrarily because it may optically damage the sample [26] .
Conclusions
In the present study, using electromagnetic treatment the operational characteristic of the parametric amplifier has been studied in weakly piezoelectric narrow direct-gap III-V doped semiconductors like n-InSb subjected to a transverse magnetostatic field under off-resonant transition regime. The following important conclusions may be drawn:
1) The hydrodynamic model of semiconductor-plasma has been successfully applied to study the effect of doping level, transverse magnetostatic field and pump intensity on operational characteristic of parametric amplifiers (i.e. threshold condition and optical parametric gain/ absorption) in piezoelectric III-V doped semiconducting crystals duly illuminated by slightly off-resonant not-toohigh-power pulsed lasers with pulse duration sufficiently larger than the acoustic phonon lifetime.
2) Resonance conditions between 1) lattice frequency and plasma frequency 2) stokes frequency and electron-cyclotron frequency 3) stokes frequency and hybrid (plasma and electron-cyclotron) frequency may be utilized, on one hand, to reduce the threshold intensity for onset of parametric amplification. On the other hand, switching of parametric gain between the low and high value and hence open up the possibility of devising optical switch. A strong transverse magnetostatic field (10.0 T) enhances the gain by a factor of 10 3 as in its absence.
3) The technological potentiality of a magnetoactive III-V semiconductor-plasma as the host for parametric devices like parametric amplifiers and oscillators are established. In III-V crystals, parametric amplification and oscillation in the infrared regime appears quite promising under the resonance conditions and replaces the conventional idea of using high power pulsed lasers.
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